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AB ST RA CT 

A numer i ca l  approach i s  p resen ted  f o r  des ign  s e n s i t i v i t y  a n a l y s i s .  
The approach i s  based on p e r t u r b i n g  t h e  des ign  v a r i a b l e s  and then  u s i n g  
i t e r a t i v e  schemes t o  o b t a i n  t h e  response o f  t h e  p e r t u r b e d  s t r u c t u r e .  A 
fo rward  d i f f e r e n c e  f o r m u l a  t h e n  y i e l d s  t h e  approx ima te  s e n s i t i v i t y .  
A l g o r i t h m s  f o r  d isp lacement  and s t r e s s  s e n s i t i v i t y  as w e l l  f o r  e i g e n v a l u e  
and e i g e n v e c t o r  s e n s i t i v i t y  a r e  developed. 
s e n s i t i v i t y  p rob lem a r e  compared w i t h  t h e  s e m i - a n a l y t i c a l  method. 
a r e  cons ide red  i n  s t r u c t u r e s  and f l u i d s .  

R e s u l t s  f o r  t h e  s t r e s s  
Examples 

INTRODUCTION 

I t e r a t i v e  methods a r e  p resen ted  f o r  o b t a i n i n g  d e s i g n  s e n s i t i v i t y  
c o e f f i c i e n t s  ( o r  d e r i v a t i v e s )  o f  i m p l i c i t  f u n c t i o n s .  Design d e r i v a t i v e s  
a r e  i m p o r t a n t  n o t  o n l y  i n  g rad ien t -based  o p t i m i z a t i o n  codes, b u t  a l s o  f o r  
exami n i n g  t r a d e - o f f  ’ s , system i den t  i f i c a t i o n ,  and p r o  bab i 1 i s t i  c d e s i  gn . 
I t e r a t i v e  methods a r e  p resen ted  f o r  b o t h  t h e  a l g e b r a i c  and e i g e n v a l u e  
problems; s t r e s s ,  e igenva lue  and e i g e n v e c t o r  d e r i  v a t i  ves a r e  cons idered.  
The i t e r a t i v e  approaches p r o v i d e  approx imate  d e r i v a t i v e s .  They a r e  ve ry  
s i m p l e  t o  implement i n  a program, e s p e c i a l l y  f o r  c a l c u l a t i o n  o f  e i g e n v e c t o r  
d e r i v a t i v e s .  

t h i s  i d e a  i s  
i zed 

The i d e a  o f  u s i n q  i t e r a t i v e  methods f o r  a c l a s s  o f  problems 
was suggested f o r  one d imens iona l  problems i n  ( r e f .  1). Here, 
developed t o  hand le  t h e  m a t r i x  a l g e b r a i c  as w e l l  as t h e  genera 
e i  genval  ue p r o b l  ems. 

The b a s i c  i d e a  beh ind  t h e  approach i s  as f o l l o w s .  L e t  

9 = g (b ,y )  

be  a c o n t i n u o u s l y  d i f f e r e n t i a b l e  f u n c t i o n  o f  a des iqn  v a r i a b l e  v e c t o r  b o f  
d imens ion  ( k x l ) , - a n d  a s t a t e  v a r i a b l e  v e c t o r  1 o f  d imens ion  ( n x l ) .  
s t a t e  v a r i a b l e s  a r e  i m p l i c i t l y  dependent on des ign  t h r o u g h  t h e  n s t a t e  
equa t ions  o f  t h e  fo rm 

The 

$(b,y) = 0 ( 2 )  

L e t  bo be t h e  c u r r e n t  des ign  and be t h e  a s s o c i a t e d  s t a t e  v a r i a b l e  
v e c t o r .  f h e  prob lem o f  concern  i s  t o  f i n d  t h e  s e n s i t i v i t y ,  dg/db, a t  t h e  
c u r r e n t  des ign .  
v a r i a b l e ,  i n  t u r n ,  as 

The i t e r a t i v e  method i s  based on p e r t u r b i n g  eac6  d e s i g n  

€ 0 
1 

bi = b .  + E 

Equa t ion  ( 2 )  now becomes 

( 3 )  

( 4 )  
E : €  $(b 9 1  1 = 0 

Now, a m o d i f i e d  r e s i d u a l - c o r r e c t i o n  o r  Newton-Raphson t e c h n i q u e  i s  

a p p l i e d  t o  s o l v e  Eq. ( 4 ) ,  t r e a t i n g  1‘ as t h e  v e c t o r  o f  unknowns. 
Then, t h e  s e n s i t i v i t y  v e c t o r  i s  g i ven  approx ima te l y  by 



For t h e  e igenvalue problem, as discussed l a t e r ,  t h e  system i n  Eq. ( 4 )  
i s  augmented by a c e r t a i n  o r t h o g o n a l i t y  r e l a t i o n .  
c o e f f i c i e n t  m a t r i c e s  i n v o l v i n g  s t i f f n e s s ,  mass, e t c .  have been decomposed 
a t  t h e  c u r r e n t  des ign w h i l e  s o l v i n g  f o r  ~ 0 .  The i t e r a t i v e  approach 
presented here can be viewed as r e - a n a l y s i s  schemes used t o  s o l v e  Eq. (4), 
which uses t h e  a l r e a d y  decomposed mat r i ces .  S ince t h e  p e r t u r b a t i o n  E i s  
very  smal l ,  t h e  i t e r a t i v e  schemes converge very r a p i d l y .  

Note t h a t  c e r t a i n  

DISPLACEMENT AND STRESS S E N S I T I V I T Y  

A f i n i t e  element model o f  t h e  s t r u c t u r e  i s  assumed. The problem o f  
o b t a i n i n g  des ign d e r i v a t i v e s  o f  d isplacements and s t r e s s e s  i s  now 
considered. Consider a f u n c t i o n  

9 - g(bsL)  (6) 

which rep resen ts  a s t r e s s  c o n s t r a i n t ,  w i t h  b - ( k x l )  des ign v e c t o r  and - z - 
( n x l )  d isplacement vec to r  which i s  obtained-from t h e  f i n i t e  element 
equat ions 

- K(b) f = Q) (7) 

where K i s  an (nxn) s t r u c t u r a l  s t i f f n e s s  m a t r i x ,  and F i s  an ( n x l )  nodal 
l o a d  vector .  A t  t h i s  s tage ,  t h e  a n a l y s i s  
has been completed, Thus, t h e  decomposed K(b)O and z* a r e  known. 

The d e r i v a t i v e  of t h e  f u n c t i o n  g wi th-respect to t h e  i t h  design 
v a r i a b l e  i s  g i ven  by 

L e t  bo be t h e  c u r r e n t  design. 

dg /db i  = dg/dbi + d g / d l  dZ/dbi  - (8) 

The p a r t i a l  d e r i v a t i v e s  8g/db and dg/dz a r e  r e a d i l y  a v a i l a b l e  us ing  t h e  
f i n i t e  element r e l a t i o n s .  Tfie problem: t h e r e f o r e ,  i s  t o  compute t h e  
displacement s e n s i t i v i t y ,  dz/db. - -  
i s  now g iven.  

vec to r ,  - b', be def ined  as 

An i t e r a t i v e  approach f o r  computing t h i s  

Corresponding t o  t h e  i t h  des ign v a r i a b l e ,  l e t  t h e  pe r tu rbed  design 

0 QT 
0 0  kE = (bl, bp, ..., b i  + E ,  (9) 

The p e r t u r b a t i o n  E i s  r e l a t i v e l y  smal l ,  and a va lue o f  1% o f  b i  has found 
t o  work w e l l  i n  p r a c t i c e ,  The cho ice  o f  E i s  based on ba lanc ing  t h e  
t r u n c a t i o n  and c a n c e l l a t i o n  e r r o r s .  
s o l u t i o n  o f  

The problem i s  t o  f i n d  L', t h e  

- -  K(bE) - = - F(bE) 
u s i n g  t h e  decomposed - -  K(bo) and zo. 
r e s i d u a l - c o r r e c t i o n  scheme g i v e n  i n  ( r e f .  2)  i s  g iven below. 

A m o d i f i e d  v e r s i o n  o f  t h e  
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A l a o r i t h m  1 ( D i s p l  acemen t and S t  res  s Sens i t i v i  t y  ) 

Step (0 ) .  

Step ( i ) .  

Step ( i i ) .  

Step ( i i i ) .  

Step ( i v ) .  

Set j=0.  
A .  
D e f i n e  - bE as i n  Eq. (9 ) .  

C a l c u l a t e  t h e  r e s i d u a l  r J  f rom 

Choose t h e  p e r t u r b a t i o n  E and t h e  e r r o r  t o l e r a n c e  

- 

Solve f o r  t h e  c o r r e c t i o n  - eJ from 

I 

Update 

= z j  - - 
Check t h e  convergence c r i t e r  

I f  (14) i s  s a t i s f i e d ,  t hen  s e t  - zE - - zjtl and compute t h e  
displacement s e n s i t i v i t y  as 

dz - / d b i  m - - 2') / E (15) 
The s t r e s s  s e n s i t i v i t y  can be recovered from Eq. ( 8 ) .  
(14) i s  n o t  s a t i s f i e d ,  s e t  j = j + l  and re-execute s teps 
( i ) - ( i v )  above. 

I f  Eq. 

Numerical r e s u l t s  and comparison w i t h  t h e  exact  and s e m i - a n a l y t i c a l  
methods d iscussed i n  t h e  l i t e r a t u r e  a r e  presented subsequent ly.  
T h e o r e t i c a l l y ,  i t  can be shown t h a t  t h e  above scheme wi1'1 conierge p rov ided  
c21 : 

where ra(!) 5 s p e c t r a l  r a d i u s  o f  t h e  m a t r i x  - A, which i s  t h e  maximum s i z e  
o f  t h e  eigenvalues o f  A. I n  t h e  problem considered here,  K(b0) and - -  K(bE) 
a r e  r o u g h l y  equal  owing t o  E be ing  smal l ,  and (16) can g e n e r a l l y  be 
expected t o  ho ld .  

EIGENVALUE AND EIGENVECTOR SENSITIVITY 

Eigenvalue s e n s i t i v i t y  i s  u s e f u l  when resonant  f requencies o r  c r i t i c a l  
b u c k l i n g  loads need t o  be r e s t r i c t e d .  Exact a n a l y t i c a l  express ions f o r  
e igenvalue s e n s i t i v i t y  can be r e a d i l y  d e r i v e d  f o r  t h e  case o f  non-repeated 
r o o t s  [3]. The problem o f  o b t a i n i n g  e igenvec to r  s e n s i t i v i t y ,  on t h e  o the r  
hand, i s  more compl icated and i s  an area o f  c u r r e n t  i n t e r e s t  [4-71. 
E igenvector  s e n s i t i v i t y  i s  u s e f u l  i n  o b t a i n i n g  t h e  des ign d e r i v a t i v e s  o f  



fo rced dynamic response. Here, an i t e r a t i v e  approach i s  presented f o r  
approximate d e r i v a t i v e s  o f  e igenvalues and eigenvectors.  The approach i s  
p a r t i c u l a r l y  easy t o  implement i n  a program and prov ides both e igenvalue 
and e igenvector  d e r i v a t i v e s  s imultaneously.  F u r t h e r  , t h e  d e r i  v a t i  ve o f  a 
p a r t i  c u l  ar  e igenvector  does n o t  r e q u i r e  know1 edge o f  a1 1 e igenvectors  o f  
the  problem, as w i t h  c e r t a i n  a n a l y t i c a l  methods. 

Consider t h e  genera l i zed  eigenvalue problem 

where A i s  a p a r t i c u l a r  non-repeated eigenvalue and 1 i s  the  associated 
eigenvector.  
s t i f f n e s s  and mass mat r ices ,  respect ively,  F o r t h e  b u c k l i n g  problem, - K and 
- M represent  t h e  s t r u c t u r a l  s t i f f n e s s  and geometr ic s t i f f n e s s  mat r ices ,  
r e s p e c t i v e l y .  
L e t  - bo be t h e  c u r r e n t  design vector  and ( A o ,  yo) be a given- 
eigenvalue-eigenvector p a i r  a t  t h e  c u r r e n t  design. 
design vec tor  as g iven i n  Eq. ( 9 ) .  The r e s i d u a l  i s  g i v e n  by 

For  t h e  frequency problem, K and M represent  t h e  s t r u c t u r a l  

I t  i s  d e s i r e d  t o  f i n d  t h e  s e n s i t i v i t i e s  dA/db and dy_/db. - 

L e t  b' be a per tu rbed 

The o b j e c t  i s  t o  so lve  t h e  non l inear  equat ions - -  R - 0 f o r  t h e  unknowns AEand 

yE; t h e  Newton-Raphson technique i s  used f o r  t h i s  purpose. The Jacobian - J 

of the  system i n  Eq. (18) i s  [d,RldyE, dR/dAE]. 
a r e  consequent 1 y: 

The Newton-Raphson equat ions 

Note, however, t h a t  Eq. (19) represents  a system w i t h  n equat ions and ( n + l )  
unknowns; an a d d i t i o n a l  equat ion  i s  needed. 
ob ta ined by i n t r o d u c i n g  t h e  n o r m a l i z a t i o n  c o n d i t i o n  

This  a d d i t i o n a l  equat ion  i s  

-yT - M 61 = 0 (20) 

which s t a t e s  t h a t  t h e  change i n  t h e  e igenvector  i s  or thogonal  t o  t h e  
o r i g i n a l  e igenvector  w i t h  respec t  t o  t h e  mass m a t r i x .  
scheme has been used as a r e - a n a l y s i s  approach i n  ( r e f .  8) .  Here, an 
a d d i t i o n a l  m o d i f i c a t i o n  i s  made: t h e  Jacobian m a t r i x  i n  Eq. (19) i s  

I n  f a c t ,  t h e  above 

m o d i f i e d  by r e p l a c i n g  !(be) by &(,bo), yE by yo and A €  by A,. The 

m o t i v a t i o n  f o r  t h i s ,  as i n  t h e  prev ious sec t ion ,  i s  t c  preserve a constant  
c o e f f i c i e n t  m a t r i x  i n  t h e  i t e r a t i v e  scheme. 
n o t  been found t o  a f f e c t  t h e  convergence o f  the  procedure owing t o  t h e  
r e l a t i v e l y  small  s i z e  o f  E. 
scheme based on s o l v i n g  t h e  system. 

The r e s u l t i n g  e f f i c i e n c y  has 

The above m o d i f i c a t i o n s  l e a d  t o  an i t e r a t i v e  
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where 

-M( bo)yo 

( 2 2 )  - -  0 i - K ( bo 1 -h  OM(L0 1 
T 

-10 - -  M(bo) 
C- - 

The c o e f f i c i e n t  m a t r i x  i s  symmetr ic and n o n s i n g u l a r  f o r  t h e  case o f  
non-repeated r o o t s  [8]. 
The a l g o r i t h m  for  e i g e n v a l  ue-e igenvec tor  s e n s i t i v i t y  i s  now g i ven .  

Gaussian e l i m i n a t i o n  can be used t o  s o l v e  Eq, (21) .  

A l g o r i t h m  2 

Step ( 0 ) .  

Step ( i ) .  

Step ( i i ) .  

Step ( i i i ) .  

Step ( i v )  . 

(E igenva l  ue-Eigenvector S e n s i t i v i t y )  

Set j - 0 .  
A1 and A2. 

Choose t h e  p e r t u r b a t i o n  E and t h e  e r r o r  t o l e r a n c e s  

D e f i n e  - be as i n  Eq. (9 ) .  Decompose t h e  m a t r i x  - C g i v e n  i n  Eq. 
( 2 2 )  

D e f i n e  t h e  r e s i d u a l  

f o r  61 and 6 h .  

Update 

= rj + sY_ 

hj+l = h j  + 6 h  

Check t h e  convergence c r i t e r i o n  

1 1  6 Y I I  S A 1  J S h l  S A 2  

If (26)  i s  s a t i s f i e d ,  t h e n  s e t  1' =$+l, h E  = A j + l  and 

compute t h e  s e n s i t i v i t y  as 



If (26) i s  n o t  s a t i s f i e d ,  s e t  j = j + l  and re-execute s teps  
( i ) - ( i v )  above. 

Numerical r e s u l t s  a r e  presented i n  t h e  f o l l o w i n g  s e c t i o n .  

NUMERICAL RESULTS 

Th in  D l a t e  Droblem 

Consider t h e  p lane  s t r e s s  problem i n  F i g .  1, where i n v e r s e  th icknesses 
a re  t h e  des ign v a r i a b l e s .  That  i s ,  t h e  r e c i p r o c a l  o f  t h e  p l a t e  th i ckness  
i s  chosen as a design v a r i a b l e .  
op t ima l  des ign  1 i t e r a t u r e  because they  l i n e a r i z e  t h e  s t r e s s  f u n c t i o n  and 
l e a d  t o  improved convergence. The s t r e s s  c o n s t r a i n t  f u n c t i o n  i s  t h e  
von Mises f a i l u r e  c r i t e r i o n  i n  element j, g iven  by 

Inve rse  design v a r i a b l e s  a r e  used i n  

g j  = UVM/aa-l (28) 

where U V M * = U ~ ~  + a 
l i m i t .  Constant s f r a i n  t r i a n g u l a r  elements a re  used. For b r e v i t y ,  o n l y  
t h e  des ign s e n s i t i v i t y  c o e f f i c i e n t s ,  d g l g / d b l g  and dg24/db24, a r e  presented 
i n  Table 1. 
discussed e a r l i e r .  I n  Table 1, t h e  r e s u l t s  ob ta ined  by t h e  i t e r a t i v e  
method a re  compared w i t h  t h e  semi -ana ly t i ca l  method used w ide ly  i n  t h e  
l i t e r a t u r e ,  based on t h e  fo rmu la  i n  Eq. (8) w i t h  dZ/dbi  - ob ta ined  f rom 

- axcry + 3.rXy2 and Ua = constant  a l l o w a b l e  s t r e s s  

The s e n s i t i v i t y  vec to rs  have been ob ta ined  u s i n g  A l g o r i t h m  1 

- -  K(bE)-K(bo) - -  o [E(bE)-E(bo)] 
z +  

& K - -  dz/dbi = - & - 
The r e s u l t s  a r e  a l s o  compared w i t h  t h e  exact  s e n s i t i v i t y  ob ta ined  u s i n g  
a n a l y t i c a l  d e r i v a t i v e s .  I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  semi -ana ly t i ca l  
method y i e l d s  t h e  same r e s u l t  as t h e  f i r s t  i t e r a t i o n  o f  t h e  i t e r a t i v e  
method. However, t h e  i t e r a t i v e  method f u r t h e r  improves upon t h i s  and 
approaches t h e  exact  s e n s i t i v i t y  (Table 1 ) .  Whi le  a l l  methods y i e l d  values 
o f  acceptable accuracy, t h e  comparison serves t o  i l l u s t r a t e  t h e  n a t u r e  o f  
t h e  i t e r a t i v e  p rocess .  Th is  aspect i s  shown g r a p h i c a l l y  i n  F i g .  2. I t  i s  
noted t h a t  when u s i n g  d i r e c t  v a r i a b l e s  (as opposed t o  r e c i p r o c a l  
v a r i a b l e s ) ,  t h e  s e m i - a n a l y t i c a l  method y i e l d s  e s s e n t i a l l y  exac t  s e n s i t i v i t y  
owing t o  t h e  f a c t  t h a t  s t i f f n e s s  i s  a l i n e a r  f u n c t i o n  o f  design v a r i a b l e s .  

c 1On I 

(Unit:in.  Ib) 

E (Young's modulus) - 30.E6 psi 
t ( Thicknessofelement) - 1.4 in 

u( Allowablesmss) - 2oooO. psi 
)I ( Poisson ratio 1 I 0.2 

F i g u r e  1. 
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F i g u r e  2. 

Table 1. 

Met hod dg19/db19 dg24/db24 

1 8.7098 5.6437 

I t e r a t i v e  2 8.7949 5.6980 

3 8.7957 5.6986 

Semi-analyt i  c a l  8.7098 5.6437 

Exact 8.7969 5.7002 

Plane Frame Problem 

7 20 

Consider t h e  frame s t r u c t u r e  i n  F i g .  3. The design v a r i a b l e s  
assoc ia ted  w i t h  t h e  I - s e c t i o n  a r e  b = (h, w,  tw, t f)  as shown i n  F i g .  3. 
The c u r r e n t  des ign i s  b = (3.0, 3.n ,  0.3, 0.5) f o r  each element, The 
s e n s i t i v i t y  o f  t h e  lowest  eigenvalues and corresponding e igenvector  
obta ined u s i n g  A l g o r i t h m  2 g i ven  e a r l i e r  i s  presented i n  Tables 2 and 3, 
r e s p e c t i v e l y .  
a re  presented f o r  b r e v i t y  
an e r r o r  t o l e r a n c e  o f  10-7 i s  f i v e .  
a l g o r i t h m  i s  very r a p i d  and s imp le  t o  implement. 
no t  r e q u i r e  computat ion o f  a l l  e igenvectors  t o  f i n d  t h e  s e n s i t i v i t y  of a 
f e w , s p e c i f i c  e igenvec to rs .  However, i f  t h e  s e n s i t i v i t y  o f  a l l  e igenvectors  
i s  requi red,  then a1 t e r n a t i v e  approaches may be p r e f e r a b l e .  

F o r  t h e  e igenvector ,  o n l y  s e l e c t e d  s e n s i t i v i t y  c o e f f i c i e n t s  
The maximum number of i t e r a t i o n s  r e q u i r e d  f o r  

Thus, we see t h a t  convergence o f  t h e  
Also,  t h e  a l g o r i t h m  does 
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Table 2. 

No. o f  design variable Eigenvalue sens i t iv i ty  

10 
11 
12 

13  
14  
15 
16 

17 
18 
19 
20 

21 
22 
23 
24 

4359.6 
1746.9 
1418.1 

10481.0 

807.7 
-1077.6 
-4369.5 
-6465.5 

503.2 
-2058.8 
-7315.0 

-12353.0 

807.7 
-1077.6 
-4369.5 
-6465.5 

5957.6 
1964.0 
540.4 

11784.0 

4359.6 
1746.9 
1418.1 

10481.0 
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Table 3. 

No. o f  degree o f  freedom dy ldbg dYIdbl7 

4 
5 
6 

7 
8 
9 

10 
11 
12 

13 
1 4  
15 

0.036758 
0.000370 

-0.000868 

-0.028564 
0.000378 

-0.002667 

-0.028327 
-0.000653 

0.001614 

0.036339 
-0.000407 

0.000147 

0.021438 
0.002413 
0.003890 

-0.007628 
0.002547 

-0.000389 

-0.007628 
-0.002547 
-0.000389 

0.021438 
-0.002413 

0.003890 

F l u i d  Mechanics Problem 

The o b j e c t i v e  o f  t h i s  problem i n  F i g .  4 i s  t o  o b t a i n  t h e  s e n s i t i v i t i e s  
o f  t h e  maximum absol Ute eigenvalue and e igenvector  o f  t h e  amp1 i f i c a t i o n  
m a t r i x  G o f  t h e  incompress ib le  Eu ler  equat ions i n  f l u i d  mechanics ( r e f .  9 ) .  
This  problem i s  mot iva ted  f rom a s tudy  o f  t h e  s t a b i l i t y  o f  t h e  
computat ional  a lgor i thm.  The E u l e r  equat ions a r e  

[ I  - A t  D t a ‘i (1-cos0,) !ti sine,] ( I  - A t  D)-’  

‘i A t  -1 

- - 

t[i - A t  D t - (1-case ) !ti - _B s iney]  (1 - A t  D,) 

+ [ I  

- 4  Y AY 

- A t  o_ t -4 ‘i (1-case,) I + i  E A t  ,C sine,] (5 - 1) 

= A t  D, ‘e [ ( I  - cosex)2+ (1  - case + (1  - case,) 2 3 1 
Y 

- i [E A t  s i n e x  t A t  B s i n e  + ,C sine,] G -  Y 
where, I i s  a (4x4) i d e n t i t y  m a t r i x .  
The source Jacobian M a t r i x  i s  



a 

0 0 

1 /r 0 

0 -2u-uyl r 

0 0 
b 

and t h e  f l u x  Jacobian m a t r i c e s  a r e  

8 

2UX 

uY 

uz 

0 

uY 
0 

0 

0 

UZ 

0 

0 

0 

2u+2uy/r 

- u x / r  

0 

0 

UX 

0 

B 

UX 

2UY 

U Z  

0 

0 

uz 

0 

The t i m e  s t e p  i s  

CFL A t  = 

The maximum eigenvalue o f  ma t r i ces  [ A ] ,  [B], [ C ]  a r e  
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Data 

G r i d  s i zes  i n  x, y and z d i r e c t i o n s  a r e  Ax = 1/16, Ay = rr/32, Az = 1/32. 
Parameter o f  t i m e - d e r i v a t i v e  term i s  f3 = 1. 
Radius i s  r=2, angular  v e l o c i t y  o f  p r o p e l l e r  i s  w=2. 
Parameter CFL (Courant-Fr i  e d r i  chs-Lewy Number) i s  = 5. 
F l u i d  v e l o c i t i e s  i n  x, y ,  z d i r e c t i o n s  a r e  ux = 0.5, uy = 1, u, - 1. 
The i m p l i c i t  second-order a r t i f i c i a l  v i s c o s i t y  i s  E i  = 0. 
The e x p l i c i t  f o u r t h - o r d e r  a r t i f i c i a l  v i s c o s i t y  i s  &e = 0. 
The lower boundar ies of wavenumbers Ox, eY, 8, a re  - 0, and t h e  upper 

- 

boundaries a r e  - TI. 

Resul ts  

The optimum values o f  wavenumbers ex, OY, gZ a t  which t h e  abso lu te  
va lue  o f  maximum eigenvalue a r e  maximum, a r e  ob ta ined  by us ng t h e  
o p t i m i z a t i o n  program LINRM [lo].  The r e s u l t s  a r e  8, = 8 = 8, - n/2. A l l  
s e n s i t i v i t y  c a l c u l a t i o n s  a re  now done a t  these values ofY9, gY and €I2. 
The s e n s i t i v i t y  o f  t h e  maximum eigenvalue, a b s o l u t e  maximum eigenvalue and 
corresponding e igenvec to r  a r e  shown i n  Tables 4 and 5. 

F i g u r e  4. 



Table 4. Eigenvalue S e n s i t i v i t y  f o r  F l u i d  Mechanics 

Degree o f  Freedom dy/d CFL dyldw 

1 -0.22740 -0.27610 i 0.03483 tO.01911 i 
2 -0.34796 -0.03808 i 0.00969 -0.00969 i 
3 -0.20260 -0.10825 i 0.07636 to. 00170 i 
4 -0.19075 -0.10196 i 0.03520 -0.01693 i 

\ 

Problem 

, = 1 x 10-8, E - 0 

Design V a r i a b l e  

1 

Eigenvalue Sen! 

dA /db 

-0.03928 -0.11272 i 
0.25361 -0.02037 i 

-0.23827 -0.36236 i 
0.13254 to. 06004 i 

-0.12951 -0.29317 i 
-0.84451 -0.46701 i 
-0,01807 t0.02823 i 
-0.00138 -0.00002 i 
-0,00182 -0.00010 i 
-0.00204 -0.00189 i 

t i v i t y  

d l  A I /dt 

-0.08543 
0.21790 
-0.37489 
0.14541 

-0.24668 
-0.54753 
-0.00358 
-0.00125 
-0.00167 
-0.00267 

bo - (0.5, 1, 1, 5, 0, 0, 2, n/2, n/2, n/2) 
- A0 - 0.94882 t 0.47287 i 
I Lo I - 1.0601 

Table 5. Eigenvector S e n s i t i v i t y  f o r  F l u i d  Mechanics Problem 

7 25 



SUMMARY AND CONCLUSIONS 

A numerical  method has been presented f o r  design s e n s i t i v i t y  a n a l y s i s .  
The i d e a  i s  based on u s i n g  i t e r a t i v e  methods f o r  r e - a n a l y s i s  o f  t h e  
s t r u c t u r e  due t o  a smal l  p e r t u r b a t i o n  i n  t h e  des ign v a r i a b l e ,  A f o rward  
d i f f e r e n c e  scheme then  y i e l d s  t h e  approximate s e n s i t i v i t y .  A lgo r i t hms  f o r  
displacement and s t r e s s  s e n s i t i v i t y  as w e l l  as f o r  e igenvalues and 
e igenvec to r  s e n s i t i v i t y  a re  developed. The i t e r a t i v e  schemes have been 
m o d i f i e d  s o  t h a t  t h e  c o e f f i c i e n t  m a t r i c e s  a r e  constant  and hence decomposed 
o n l y  once. The convergence i s  found t o  be very r a p i d .  
implementat ion o f  t h e  a lgo r i t hms  i s  s imple.  

F u r t h e r ,  
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